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The relations between the infinite dimensional geometry of qR–conformal symmetries
at qR → ∞, Berezin quantization of the Lobachevskiˇı plane and Karasev-Maslov
asymptotic quantization are explicated. Various aspects of the “approximate” rep-
resentation theory are discussed.
This short paper being the continuation of the previous parts [1] belongs to the
series of articles supplemental to [2], and also lies in lines of the general ideology
exposed in the review [3]. The main purpose of the activity, which has its origin and
motivation presumably in the author’s researches [4] on the experimentally math-
ematical aspects of interactively controlled systems (i.e. the controlled systems, in
which the control is coupled with unknown or uncompletely known uncontrolled
feedbacks) and applications, is to explicate the essentially infinite-dimensional as-
pects of the hidden symmetries, which appear in the representation theory of the
finite dimensional Lie algebras and related algebraic structures. The present series
is organized as a sequence of topics, which illustrate this basic idea on the simple
and tame examples without superfluous difficulties and details as well as in the
series [2] but from a bit more geometric point of view.
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Topic Six: qR–conformal symmetries at qR → ∞ and
Berezin-Karasev-Maslov asymptotic quantization on C∞(S1)
The main result of this topic, which may be regarded as an illustration to the
book [5], is the following theorem.
Theorem. Let us realize the Lobachevskiˇı-Berezin C∗–algebra [6-8] by the bounded
operators in the unitarizable Verma module Vh over the Lie algebra sl(2,C) [8].
Then the lifting of the projective HS–pseudorepresentation of the group Diff+(S
1)
in Vh [1:Topic 1] to its action in the Lobachevskiˇı-Berezin algebra realizes an as-
ymptotic Karasev-Maslov-type quantization [5] (see also [9]) of C∞(S1) [supplied
with the natural action of the group Diff+(S
1)] at h→ 12 .
Let us comment the statement of the theorem.
In the Poincare realization of the Lobachevskii plane (the realization in the unit
disk) the Lobachevskii metric may be written as w = q−1R dzdz¯/(1 − |z|
2)2; and
one can construct the C∗–algebra (Lobachevskiˇı-Berezin algebra) [6-8], which may
be considered as a quantization of such metric [6], namely, let us consider two
variables t and t∗, which obey the following commutation relations: [tt∗, t∗t] = 0,
[t, t∗] = qR(1 − tt
∗)(1 − t∗t) (or in an equivalent form [ss∗, s∗s] = 0, [s, s∗] =
(1 − qRss
∗)(1 − qRs
∗s), where s = (qR)
−1/2t); one may realize such variables by
bounded operators in the Verma module over sl(2,C) of the weight h =
q−1
R
+1
2
[8];
if such Verma module is realized in polynomials of one complex variable z and the
action of sl(2,C) has the form L−1 = z, L0 = z∂z+h, L1 = z(∂z)
2+2h∂z , then the
variables t and t∗ are represented by tensor operators D = ∂z and F = z/(z∂z+2h).
These operators are bounded if qR > 0 and therefore one can construct a Banach
algebra generated by them and obeying the prescribed commutation relations; the
structure of C∗–algebra is rather obvious: an involution ∗ is defined on generators
in a natural way, because the corresponding tensor operators are conjugate to each
other.
The “classical” case corresponds to the limit qR → 0. However, it is interesting to
consider another limit transition as qR →∞. In this case the Lobachevskiˇı-Berezin
algebra is reduced to the algebra C∞(S1) and the variable t∗ is identified with
t−1. However, the algebra C∞(S1) possesses the group Diff+(S
1) of the orienta-
tion preserving diffeomorphisms of a circle as a group of symmetries. This property
is “weakly” conserved for finite qR. Namely, the group Diff+(S
1) admits projec-
tive HS–pseudorepresentations in the Verma modules Vh over sl(2,C) [1]; HS–
pseudorepresentation means the representation up to the Hilbert-Schmidt opera-
tors; the prefix ”pseudo” is motivated by the analogy with the pseudodifferential cal-
culus [10]. The infinitesimal versions of the projective HS–pseudorepresentations of
the group Diff+(S
1), the HS–projective representations of its Lie algebra Vect(S1),
the algebra of vector fields on a circle, were considered in [2:Topic 10]. The gener-
ators of VectC(S1) in these HS–projective representations are defined by the qR–
conformal symmetries [8] (the tensor operators of spin 2) and have the following
form
Lk = (ξ+(k+1)h)∂
k
z (k ≥ 0), L−k = z
k ξ + (k + 1)h
(ξ + 2h) . . . (ξ + 2h+ k − 1)
(k ≥ 1),
where ξ = z∂z .
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However, it is rather interesting to investigate the asymptotics of the HS–
pseudorepresentations of Diff+(S
1) as qR → ∞ or h →
1
2
. First of all, let us
lift the projective HS–pseudorepresentation of Diff+(S
1) in the Verma module Vh
to the Lobachevskiˇı-Berezin algebra as well as the corresponding HS–projective
representation of Vect(S1). The analysis of the explicit formulas for the generators
of the Lobachevskiˇı-Berezin algebra and qR–conformal symmetries allows to state
that the lifting of the HS–projective representation of VectC(S1) realizes a repre-
sentation mod ~ (~ = 2h− 1 = q−1R ) of this Lie algebra in sense of [5,9], moreover,
this representation is one by derivatives of the Lobachevskiˇı-Berezin algebra mod ~.
The theorem is just the global version of this statement.
Note that C∞(S1) is not supplied by the structure of the Poisson algebra so
our case slightly differs from one considered by M.V.Karasev and V.P.Maslov, who
asymptotically quantize Poisson manifolds. However, the formal difference is subtle
and immaterial.
The theorem may be combined with the results of [1:Topic 2].
Remark 1. The composed representations of the Witt isotopic pair [1:Topic 2] in the
Verma modules Vh over the Lie algebra sl(2,C) may be lifted to its representation
mod ~ (~ = 2h− 1) in the Lobachevskiˇı-Berezin algebra.
It is interesting to “globalize” this representation mod ~ of the Witt isotopic pair.
The theorem may be interpreted in terms of the nonlinear geometric algebra [11].
Recall that the projectiveHS–pseudorepresentations of the group G = Diff+(S
1) in
the Verma modules Vh supply G with by the noncanonical groupuscular structures
Gh [1:Topic 1], which are not odular ones.
Remark 2. The noncanonical groupuscular structures Gh on G = Diff+(S
1) define
the asymptotically canonical groupuscular structure mod ~ (~ = 2h− 1).
Note that groupuscular structures (as well as general loopuscular structures) nat-
urally appear in the formalism of the nonlinear Poisson brackets [5] and differential
geometry [11] so their asymptotic considerations are of interest. Such consider-
ations should combine the nonlinear geometric algebra [11] with the asymptotic
algebraic and differential geometries [12].
Questions:
(1) What groupuscular structure on G = Diff+(S
1) appears from the family Gh of
noncanonical groupuscular structures mod ~2 (~ = 2h− 1)?
(2) Does the family of projectiveHS–pseudorepresentations of the group Diff+(S
1),
which constitute the asymptotic projective representation mod ~ of Diff+(S
1), de-
fine any hypergroup deformation [13;5:App.II] of this group? (3) Does the asymp-
totic representation of the Lie algebra Vect(S1) admit an extension to the asymp-
totic representation of the Lie algebra DOP[·,·](S
1) of all differential operators on
the circle?
Let us formulate some conclusions: (1) the relations between qR–conformal
symmetries at qR →∞, the Berezin quantization of the Lobachevskiˇı plane and the
Karasev-Maslov asymptotic quantization were explicated, (2) two approaches to the
“approximate” representation theory, namely, one of theHS–pseudorepresentations
and one of the asymptotic representations mod ~ appeared as being closely and
nontrivially connected in the considered case.
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